The total τ hadronic width can be accurately calculated using analyticity and the operator product expansion. The theoretical analysis of this observable is updated to include all available perturbative and non-perturbative corrections. The experimental determination of αs(M 2 τ ) and its actual uncertainties are discussed.
Introduction
The inclusive character of the total τ hadronic width renders possible an accurate calculation of the ratio [1] [2] [3] [4] [5] [6] [7] [8] [9] [(γ) represents additional photons or lepton pairs]
using standard field theoretic methods. If strong and electroweak radiative corrections are ignored and if the masses of final-state particles are neglected, the universality of the W coupling to the fermionic charged currents implies
which compares quite well with the experimental average 10 R τ = 3.649±0.014. This provides strong evidence for the colour degree of freedom N c .
The QCD dynamics is able to account quantitatively for the 20% difference between the naïve prediction (2) and the measured value of R τ . Moreover, the uncertainties in the theoretical calculation of R τ are quite small. The value of R τ can then be accurately predicted as a function of α s (M 2 τ ). Alternatively, measurements of inclusive τ decay rates can be used to determine the value of the QCD running coupling α s (M 2 τ ) at the scale of the τ mass. In fact, τ decay is probably the lowest-energy process from which the running coupling constant can be extracted cleanly, without hopeless complications from nonperturbative effects. The τ mass, 10 M τ = (1777.00
+0.30
−0.27 ) MeV, lies fortuitously in a compromise region where the coupling constant α s (M 2 τ ) is large enough that R τ is sensitive to its value, yet still small enough that the perturbative expansion still converges well. Moreover, the non-perturbative contributions to the total τ hadronic width are very small.
It is the inclusive nature of the total semihadronic decay rate that makes a rigorous theoretical calculation of R τ possible. The only separate contributions to R τ that can be calculated are those associated with specific quark currents. We can calculate the non-strange and strange contributions to R τ , and resolve these further into vector and axial-vector contributions. Since strange decays cannot be resolved experimentally into vector and axial-vector contributions, we will decompose our predictions for R τ into only three categories:
Non-strange semihadronic decays of the τ are resolved experimentally into vector (R τ,V ) and axial-vector (R τ,A ) contributions according to whether the hadronic final state includes an even or odd number of pions. Strange decays (R τ,S ) are of course identified by the presence of an odd number of kaons in the final state. The naïve predictions for these three ratios are R τ,V ≃ R τ,A ≃ (N c /2)|V ud | 2 and R τ,S ≃ N c |V us | 2 , which add up to (2).
Theoretical Framework
The theoretical analysis of R τ involves the two-point correlation functions for the vector V µ ij =ψ j γ µ ψ i and axial-vector A µ ij =ψ j γ µ γ 5 ψ i colour-singlet quark currents (i, j = u, d, s):
They have the Lorentz decompositions
where the superscript (J) denotes the angular momentum J = 1 or J = 0 in the hadronic rest frame. The imaginary parts of the two-point functions Π (J) ij,V /A (q 2 ) are proportional to the spectral functions for hadrons with the corresponding quantum numbers. The semihadronic decay rate of the τ can be written as an integral of these spectral functions over the invariant mass s of the final-state hadrons:
Im ( The appropriate combinations of correlators are
The contributions coming from the first two terms correspond to R τ,V and R τ,A respectively, while R τ,S contains the remaining Cabibbo-suppressed contributions.
Since the hadronic spectral functions are sensitive to the non-perturbative effects of QCD that bind quarks into hadrons, the integrand in Eq. (7) cannot be calculated at present from QCD. Nevertheless the integral itself can be calculated systematically by exploiting the analytic properties of the correlators Π (J) (s). They are analytic functions of s except along the positive real s axis, where their imaginary parts have discontinuities. The integral (7) can therefore be expressed as a contour integral in the complex s plane running counter-clockwise around the circle |s| = M 2 τ :
The advantage of expression (9) over (7) is that it requires the correlators only for complex s of order M 2 τ , which is significantly larger than the scale associated with non-perturbative effects in QCD. The short-distance Operator Product Expansion (OPE) can therefore be used to organize the perturba-tive and non-perturbative contributions to the correlators into a systematic expansion 11 in powers of 1/s,
where the inner sum is over local gauge-invariant scalar operators of dimension D = 0, 2, 4, . . . The possible uncertainties associated with the use of the OPE near the time-like axis are absent in this case, because the integrand in Eq. (9) includes a factor (1 − s/M 2 τ ) 2 , which provides a double zero at s = M 2 τ , effectively suppressing the contribution from the region near the branch cut. The parameter µ in Eq. (10) is an arbitrary factorization scale, which separates long-distance non-perturbative effects, which are absorbed into the vacuum matrix elements O(µ) , from short-distance effects, which belong in the Wilson coefficients C (J) (s, µ). The D = 0 term (unit operator) corresponds to the pure perturbative contributions, neglecting quark masses. The leading quarkmass corrections generate the D = 2 term. The first dynamical operators involving non-perturbative physics appear at D = 4. Inserting the functions (10) into (9) and evaluating the contour integral, R τ can be expressed as an expansion in powers of 1/M 2 τ , with coefficients that depend only logarithmically on M τ .
It is convenient to express the corrections to R τ from dimension-D operators in terms of the fractional corrections δ (D) ij,V /A to the naïve contribution from the current with quantum numbers ij, V or ij, A:
ij,A )/2 is the average of the vector and axial-vector corrections. The dimension-0 contribution is the purely perturbative correction neglecting quark masses, which is the same for all the components of R τ : δ
The factors
and
contain the known electroweak corrections. Adding the three terms, the total ratio R τ is
where
Perturbative Corrections
In the chiral limit (m u = m d = m s = 0), the vector and axial-vector currents are conserved. This implies sΠ (0) (s) = 0; therefore, only the correlator Π (0+1) (s) contributes to Eq. (9). Owing 14, 15 to the chiral invariance of massless
at any finite order in α s . The result is more conveniently expressed in terms of the logarithmic derivative of the two-point correlation function of the vector (axial) current,
which satisfies an homogeneous renormalization-group equation. The K n coefficients are known [16] [17] [18] [19] [20] to order α 3 s . For n f = 3 quark flavours, one has:
The perturbative component of R τ is given by
where the functions
are contour integrals in the complex plane, which only depend on α s (M 
The complex integration along the circle |s| = M 2 τ generates the g n coefficients, which depend on K m<n and on β m<n , where
are the coefficients of the QCD β function for n f = 3. One observes 5 that the g n contributions are larger than the original K n coefficients (g 2 = 3.5625, g 3 = 19.9949). For instance, the bold-guess value
is to be compared with g 4 = 78.0029. These large corrections give rise to a sizeable renormalization scale dependence , which are large in some parts of the integration range. The radius of convergence of this expansion is actually quite small. A numerical analysis of the series 5 shows that, at the three-loop level, an upper estimate for the convergence radius is a τ,conv < 0.11.
Note, however, that there is no deep reason to stop the A (n) (α s ) integral expansions at O(α 3 s ). One can calculate the A (n) (α s ) expansion to all orders in α s , apart from the unknown β n>3 contributions, which are likely to be negligible. Even for a τ larger than the radius of convergence a τ,conv , the integrals A (n) (α s ) are well-defined functions that can be numerically computed, by using in Eq. (18) the exact solution for α s (−s) obtained from the renormalizationgroup β-function equation. Thus a more appropriate approach 5, 22 is to use a K n expansion of R pert τ as in Eq. (17) , and to fully keep the known three-loop calculation of the functions A (n) (α s ). The perturbative uncertainties are then reduced to the corrections coming from the unknown β n>3 and K n>3 contributions, since the g n contributions are properly resummed to all orders. To appreciate the size of the effect, Table 1 gives the exact results 5 for A (n) (α s ) (n = 1, 2, 3) obtained at the one-, two-and three-loop approximations (i.e. β n>1 = 0, β n>2 = 0, and β n>3 = 0, respectively), together with the final value of δ (0) , for a τ = 0.1. For comparison, the numbers coming from the truncated expressions at order a 3 τ are also given. Although the difference between the exact and truncated results represents a tiny 0.7% effect on R τ , it produces a sizeable 4% shift on the value of δ (0) . The δ (0) shift, which reflects into a corresponding shift in the experimental α s (M 2 τ ) determination, depends strongly on the value of the coupling constant; for a τ = 0.14 the δ (0) shift reaches the −20% level. Table 1 : Exact results for A (n) (αs) (n = 1, 2, 3) obtained at the one-(β n>1 = 0), two-(β n>2 = 0) and three-loop (β n>3 = 0) approximations, together with the final value of δ (0) , for aτ = 0.1. For comparison, the numbers coming from the truncated expressions at order a 3 τ are also given.
Loops A Notice that the difference between using the one-or two-loop approximation to the β function is already quite small (1.4% effect on δ (0) ), while the change induced by the three-loop corrections is completely negligible (0.1%). Therefore (unless the β function has some unexpected pathological behaviour at higher orders), the error induced by the truncation of the β function at third order should be smaller than 0.1% and therefore can be safely neglected. The sensitivity on the choice of renormalization scale and renormalization scheme is also very small.
5, 23
The dominant perturbative uncertainties come from the unknown higherorder coefficients K n>3 . The O(α 4 s ) contribution has been estimated 24 using scheme-invariant methods, namely the principle of minimal sensitivity 25 and the effective charge approach, 26 with the result:
This number is very close to the naïve guess
= 24.8, is obtained [27] [28] [29] [30] [31] [32] [33] in the limit of a large number of quark flavours, using the so-called naive non-abelianization prescription 
2 ). From a fit to the experimental τ data, the value K fit 4 = 29 ± 5 has been also quoted. (18) , is given in Table 2 for different values of the strong coupling constant α s (M 2 τ ). In order to be conservative, and to account for all possible sources of perturbative uncertainties, we have used
as an estimate of the theoretical error on δ (0) . Note that, for the relevant values of α s , this is of the same size as K 3 A (3) (α s ); thus, this error estimate is conservative enough to apply 7 in the worst possible scenario, where the onset of the asymptotic behaviour of the perturbative series were already reached for n = 3, 4.
There have been attempts [29] [30] [31] [32] [33] to improve the perturbative prediction by performing an all-order summation a certain class of higher-order corrections (the so-called ultraviolet renormalon chains). This can be accomplished using exact large-n f results and applying the naive non-abelianization prescription. 34 Unfortunately, the naive resummation turns out to be renormalizationscheme dependent beyond one loop. 30, 36 More recently, a renormalizationscheme-invariant summation has been presented. 37 The final effect of the higher-order corrections (beyond K 4 ) turns out to be small. 
ij to the ratio R τ are simply the leading quarkmass corrections to the perturbative QCD result of the previous section. These contributions are known 4, 38 to order α 2 s . Quark-mass corrections are certainly tiny for the up and down quarks (δ (2) ud ∼ −0.08%), but the correction from the strange-quark mass is important for strange decays:
where m s ≡ m s (M us ≈ −20%; nevertheless, because of the sin 2 θ C suppression, the effect on the total ratio R τ is only −(1.0 ± 0.2)%. Since the τ mass is a quite low energy scale, we should worry about possible non-perturbative effects. In the framework of the OPE, the long-distance dynamics is absorbed into the vacuum matrix elements O(µ) , which are (at present) quantities to be fixed phenomenologically. If the logarithmic dependence of the Wilson coefficients C (J) (s, µ) on s is neglected (this is an effect of order α 2 s ), the contour integrals can be evaluated trivially using Cauchy's residue theorem, and are non-zero only for D = 2, 4, 6 and 8. The corrections simplify even further if we also take the chiral limit (m u = m d = m s = 0). The dimension-2 corrections then vanish because there are no operators of dimension 2. In the chiral limit, sΠ (0) (s) = 0; thus only the Π (0+1) (s) term in Eq. (9) contributes to R τ . The form of the kinematical factor multiplying Π (0+1) (s) in Eq. (9) is such that, when the s-dependence of the Wilson coefficients is ignored, only the D = 6 and D = 8 contributions survive the integration. The power corrections to R τ then reduce to
and δ (2n) ij,V /A ≃ 0 for 2n = 6, 8.
a The present results do not include yet the resummation of the gn running corrections through the A (n) (αs) functions.
When the logarithmic dependence of the Wilson coefficients on s is taken into account, operators of dimensions other than 6 and 8 do contribute, but they are suppressed by two powers of α s (M 2 τ ). The largest power corrections to R τ then come from dimension-6 operators, which have no such suppression. Their size was first estimated in Ref. 4 , using published phenomenological fits to different sets of data:
These power corrections are numerically very small, which is due to the fact that they fall off like the sixth power of 1/M τ . Moreover, there is a large cancellation between the vector and axial-vector contributions to the total hadronic width (the operator with the largest Wilson coefficient contributes with opposite signs to the vector and axial-vector correlators, due to the γ 5 flip). Thus, the non-perturbative corrections to R τ are smaller than the corresponding contributions to R τ,V /A . A more detailed study of non-perturbative corrections, including the very small D = 4 contributions proportional to quark masses or to α s (M (25) introduces a small uncertainty in the R τ predictions, since the actual evaluation of the non-perturbative contributions involves a mixture of experimental measurements and theoretical considerations, which are model-dependent to some extent. It is better to directly measure those contributions from the τ -decay data themselves. This information can be extracted 39 from the invariant-mass distribution of the final hadrons in τ decay. Although the distributions themselves cannot be predicted at present, certain weighted integrals of the hadronic spectral functions can be calculated in the same way as R τ . The analyticity properties of Π (J) ij,V /A imply:
with W (s) an arbitrary weight function without singularities in the region |s| ≤ s 0 . Generally speaking, the accuracy of the theoretical predictions can be much worse than the one of R τ , because non-perturbative effects are not necessarily suppressed. In fact, choosing an appropriate weight function, nonperturbative effects can even be made to dominate the final result. But this is precisely what makes these integrals interesting: they can be used to measure the parameters characterizing the non-perturbative dynamics.
To perform an experimental analysis, it is convenient to use moments of the directly measured invariant-mass distribution
The The predicted suppression 1-4 of the non-perturbative corrections has been confirmed by ALEPH 41, 42 and CLEO, 43 using the moments (0,0), (1,0), (1,1), (1, 2) and (1, 3) . The most recent ALEPH analysis 44 gives:
in agreement with (25).
Phenomenology
The QCD prediction for R τ is then completely dominated by the perturbative contribution δ (0) ; non-perturbative effects being of the order of the perturbative uncertainties from uncalculated higher-order corrections. [7] [8] [9] Furthermore, as shown in Table 2 , the result turns out to be very sensitive to the value of α s (M 2 τ ), allowing for an accurate determination of the fundamental QCD coupling.
The experimental value for R τ can be obtained from the leptonic branching fractions or from the τ lifetime. The average of those determinations
Once the running coupling constant α s (s) is determined at the scale M τ , it can be evolved to higher energies using the renormalization group. The size of its error bar scales roughly as α 
δ (6 ) ( A ) = ( -1 1 / 7 ) δ (6 ) ( V ) ( B N P 9 2 ) combined fit R τ , υ 1 , a 1 (ALEPH 96) 
A obtained from ALEPH data. 44 The ellipse depicts the combined fit. All results are still preliminary. (Taken from Ref. 44) Thus a modest precision in the determination of α s at low energies results in a very high precision in the coupling constant at high energies. After evolution up to the scale M Z , the strong coupling constant in (30) (30), the same theoretical framework gives definite predictions 4, 7 for the semi-inclusive τ decay widths R τ,V , R τ,A and R τ,S , in good agreement with the experimental measurements.
44, 48
The separate analysis of the vector and axial-vector contributions allows to investigate the associated non-perturbative corrections (R τ,V − R τ,A is a pure non-perturbative quantity). Figure 2 shows 44 the (preliminary) constraints on δ
V and δ A similar test was performed before 51 for R τ,V , using the vector spectral function measured in e + e − → hadrons, and varying the value of the tau mass. This allows to study the behaviour of the OPE at lower scales. The theoretical predictions for R τ,V as function of M 2 τ agree 51 well with the data for M τ > 1.2 GeV. Below this value, higher-order inverse power corrections become very important and eventually generate the expected break-down of the expansion in powers of 1/M 2 τ .
Summary
Because of its inclusive nature, the total hadronic width of the τ can be rigorously computed within QCD. One only needs to study two-point correlation functions for the vector and axial-vector currents. As shown in Eq. (9), this information is only needed in the complex plane, away from the time-like axis; the dangerous region near the physical cut does not contribute at all to the result, because of the phase-space factor (1 − s/M 2 τ )
2 . The uncertainties of the theoretical predictions are then quite small.
The ratio R τ is very sensitive to the value of the strong coupling, and therefore can be used 2 to measure α s (M 2 τ ). This observation has triggered an ongoing effort to improve the knowledge of R τ from both the experimental and the theoretical sides. The fact that M τ is a quite low energy scale (i.e. that α s (M 2 τ ) is big), but still large enough to allow a perturbative analysis, makes R τ an ideal observable to determine the QCD coupling. Moreover, since the error of α s (µ 2 ) shrinks as µ increases, the good accuracy of the R τ determination of α s (M The comparison of the theoretical predictions with the experimental data shows a successful and consistent picture. The α s (M 2 τ ) determination is in excellent agreement with the measurements at the Z-mass scale, providing clear evidence of the running of α s . Moreover, the analysis of the semi-inclusive components of the τ hadronic width, R τ,V , R τ,A and R τ,S , and the invariantmass distribution of the final decay products gives a further confirmation of the reliability of the theoretical framework, and allows to investigate other important QCD parameters such as the strange-quark mass or the non-perturbative vacuum condensates.
